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ABSTRACT 

In this study, we investigate the boundary-value problem with eigenvalue 

parameter generated by the differential equation with discontinuous co- 

efficients and boundary conditions which contains not only endpoints of 

the considered interval, but also a point of discontinuity, a finite number 

of internal points and abstract linear functionals. So our problem is not 

a pure boundary-value one. 

We single out a class of linear functionals and find simple algebraic con- 

ditions on the coefficients which guarantee the existence of an infinite 

number of eigenvalues. Also, the asymptotic formulas for the eigenvalues 

are found. 

The results obtained in this paper are new, even in the case of boundary 

conditions either without internal points or without linear functionals. 

Received Ju ly  30, 2000 and  in revised form Februa ry  25, 2001 

143 



144 O. Sh. MUKHTAROV ET AL. Isr. J. Math .  

1. In t roduc t ion  

The investigation of boundary-value problems for which the eigenvalue parameter 

appears in both the equation and the boundary conditions originates from the 
works of G. D. Birkhoff [1, 2]. Many papers and books deal with the spectral 

properties of such problems (see, for example, [5, 8, 9, 10, 11, 12, 13] and the 

corresponding bibliography). 

In many monographs and papers, the theory of boundary-value problems for 
ordinary differential equations is usually considered for equations with a con- 
stant coefficient at the highest derivative and for boundary conditions which 

contain only endpoints of the considered interval. However, this paper deals with 
one nonstandard boundary-value problem for a second-order ordinary differen- 

tial equation with discontinuous coefficients and boundary conditions containing 
not only endpoints of the considered interval, but also a point of discontinuity, 

a finite number of internal points and abstract linear functionals. Moreover, the 

eigenvalue parameter appears in both the differential equation and the boundary 

conditions. 

Some spectral properties of such problems and applications to the correspond- 
ing initial-boundary-value problems for parabolic equations were investigated by 

O. Sh. Mukhtarov [5] and by O. Sh. Mukhtarov and H. Demir [6]. 

Similar problems for differential equations with discontinuous coefficients, but 
without the internal points and abstract linear funetionals in the boundary con- 
ditions, were investigated by M. L. Rasulov in monographs [8, 9]. 

One must note that in the series of S. and Y. Yakubov's works published in re- 

cent years, they have constructed an abstract theory of boundary-value problems 
with a parameter in the boundary conditions (see [11, 12, 13] and corresponding 
bibliography). In these works, in particular, the main spectral properties of the 

more general problems, but with continuous coefficients, are investigated. 

2. S t a t emen t  of the  p rob lem 

Let us consider a differential equation 

(1) a(x)y" + c(x)y = A2y, x 6 [-1, 0) U (0, 1] 

with the functional-manypoint boundary conditions 

1 

Li(y) = ~ ~l-k(aiky(k)( -1)  ~- ~iky(k)(-0) -~ ~ikY (k) (-t}-0) -~- ~iky(k)(1) 
k=O 
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2 n~k 

X " ~  TM ks (k),~-ks~ TikY) 0, i 1,2,3,4, (2) + 2_., 2._, ~hp Y ~r ) + = = 
s = l  p = l  

where a(x) and c(x) are complex-valued functions; a(x) = al at x E [-1,0) ,  
ks a(x) = a2 at x C (0, 1], and aik, 5ik, 7ik, ~ik, ~p are complex coefficients; ~i kl C 

(--1, 0) and ~kp2 C (0, 1) are internal points; Tvk are abstract linear functionals; 
y(k) ( i0 )  denotes limx-~• y(k) (x). 

Below, Wqk(-1, 0 ) +  Wqk(0, 1), q C (1, oc), k = 0, 1, 2, . . . ,  denotes the Banach 
space of complex-valued functions y = y(x) defined on [-1, 0) U (0, 1], which 

belongs to Wqk(-1, 0) and Wqk(0, 1) on intervals ( -1 ,  0) and (0, 1), respectively, 
with norm Ilyll ,  : where 0) and W (0, 1) 

are the usual Sobelev spaces. 

Note that, without loss of generality, we consider equation (1) instead of the 

more general equation 

a(x)y" + b(x)y' + e(x)y = A2y, 

since, by using the substitution y = ~e r where 

-~ - ;  f~_l b(t)y(t) a t x e [ - 1 , 0 ) ,  
r = 

- ~  fo b(t)y(t) at x �9 (0, 1], 

we find that this equation takes the form (1) with the same eigenvalue parameter 

~. Also, it is easy to verify that under this substitution the form of boundary 
conditions (2) is not changed. Besides, for simplicity we replace the general 
domain [a,c) U (c,b], a < c < b, by [-1,0)  U (0, 1], since we can return to the 
general case by making the substitution 

x =  { c + ( c - a ) t  a t t � 9  

c + ( b - c ) t  a t t � 9  (0,1). 

Some special cases of problem (1)-(2) arise in various physical transfer prob- 

lems, in particular, in heat and mass transfer problems [3]. 

3. E igenva lues  of  t h e  p r o b l e m  

As usual, those values of parameter ~ for which the considered boundary-value 

problem (1)-(2) has a nontrivial solution are called the eigenvalues of the problem 
(1) (2). 
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Let ylo(x, A), Y20(x, A) and Y30(x, A), Y40(x, A) denote some fundamental sys- 

tems of solutions of the differential equation (1) on [-1,  0) and (0, 1], respectively. 

By defining 

(3) yj(x,A) = { y o(x,A), x E In 
O, x • I n  

where I1 = / 2  --- [ -1 ,0)  and /3  = / 4  = (0, 1], the general solution of equation (1) 

can be represented in the form 

4 

(4) y(x, A) = Z e yj( , A). 
j = l  

Substituting (4) into boundary conditions (2) yields a system of linear homo- 

geneous equations 

4 

(5)  ejLv(yj) = 0, v = 1,2,3,4 
j = l  

for the determination of the constants c j , j  = 1 , . . . ,  4. Consequently, the eigen- 

values of the problem (1)-(2) consist of the zeros of the characteristic determinant 

(6) A(A) = det(Lvyj)v,j=l ..... 4. 

First, for the considered problem, we shall divide the complex A-plane into 

specific sectors in which, in turn, we shall find the asymptotic expressions for 

solutions of the differential equation, for boundary functionals and boundary- 

value forms. Then, by substituting these obtained asymptotic expressions into 

the equation A(A) = 0 we shall find the corresponding asymptotic formulas for 

the eigenvalues. Note that  such formulas are not only of interest in themselves, 

but they may also be used to establish the complete and basic properties of the 

system of eigenfunctions and associated functions of the considered problem. 

The cases arg a l r  arg a2 and arg al = arg a2 are examined separately. 

4. A s y m p t o t i c  b e h a v i o u r  o f  e i g e n v a l u e s  for t h e  c a s e  arg al ~ arg a2 

4.1. SEPARATION OF THE COMPLEX A-PLANE INTO SPECIFIC SECTORS. 

Throughout the paper we employ the notation wl = (vf~)  -1, w2 = - (v / -~)  -1, 
w3 = (v/-5~) -1, w4 = - ( v / ~ )  -1, where v ~ := Izle i(argz)/2, -~r < argz _< ~r. 

Divide the complex A-plane into four sectors Sv, v = 1 , . . . ,  4, by the rays l k ---- 

{A C (21 ReAWk = 0, (--1)kImAwk < 0}. On all of these sectors each of the 
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real-valued functions Re Awk is of a single sign, since these functions can vanish 

only on boundaries of the sectors S~. Let us consider one of the sectors (S~) 

with fixed index v. Using the same considerations as in [7] it is easy to verify 

that for equation (1) there exists a fundamental system of particular solutions 

Yl0(X, A), Y20(x, A) on [-1,  0) and y30(x, A), Y40(x, A) on (0, 1], respectively, which 

are regular analytic functions of A E S~ for sufficiently large IAI, and which with 

their derivatives can be expressed in the asymptotic form 

(7) 
Yko = e:~kx( 1 + O(1/A)), 

Y~o = AWkeP~kx( 1 + O(1/A)). 

Here, as usual, the expression O(1/A) denotes any function of the form f ( x ,  A)/A, 
where I f (x ,  A)I always remains less than a constant for x E I k  and sufficiently 

large I AI. 
t Now let lj (j = 1 , . . . ,  4) be arbitrary rays, originating from the point A = 0 

and differing from lj, and situated so as to form the sequence 

(s) ll,l~,13,1~,12, ' 12, 14, 14. 

' divide each sector Sv into two subsectors. Thus we have eight sectors The rays lj 
which we shall denote as gtj, j = 1 , . . . ,  8. 

As seen from the construction, the sectors ~t = {~l,g~2,. . . ,~ts} can be dis- 

tributed into two groups, ~(1) = {~1) ...,~t(41) } and ~(2) = { ~2 ) , . . . , ~ (2 )} ,  

such that the group ~(k) includes those sectors ~j  in which Re A(vf~) -1 --+ oc 

as A --+ oo. 

4.2. ASYMPTOTIC EXPRESSIONS FOR THE CHARACTERISTIC DETERMINANT 

A()~) IN THE ~ SECTORS FOR LARGE VALUES OF I)~1. Each  of the  real-valued 

functions Re Awk does not change its sign also in every sector ~j ,  since each of 

them is a subsector of some sector Sv. 

Let Yk = yk(x, A), k = 1 , . . . , 4 ,  be functions defined as (3) for the solutions 

yk0(x,A) of equation (1) in Ik, for which the asymptotic expressions (7) are 

satisfied. 

First we need to estimate asymptotically the expressions TvkYn(. , A) as ~ -+ cx~ 

in the sectors ~j .  Since the linear functionals Tvk acts from Wqk(-1, 0)+Wqk(0, 1) 

into the complex plane C continuously, in virtue of the general representation of 

the continuous linear functionals in the Lq(a, b) spaces and using well-known 

methods of real analysis, it may be shown that there exists a flmction Uvks E 
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W~(-1, 0) + Wf(0, 1) such tha t  the equalities 

/o ) (9) T k(y) = + , 
8-~0 

v = 1,...,4, k = O, 1, 

hold for every y e Wqk(-1, 0) + W~(0, 1), where 1/p + 1/q = 1 [4]. 

In only one of the sectors of the group ft (1) do the relations Re)~wa _> 0 and 

Re ,~wl --+ +oc as ,~ -+ oc hold, and in only one of the sectors of the group 

ft (2) do the relations Re Awl > 0 and Re ,~w3 --+ +oc as A --+ oc hold. We shall 

denote these sectors as f~(o 1) and ft(o 2), respectively. We shall calculate asymptotic 

approximation expressions for T, kyj only for these sectors of the groups ft (1) 

and fl(2), since calculations for others sectors can be made analogously. For 

convenience below, by [M], M e C, we denote any sum of the form M + f(,~), 

when f(A) --+ 0 as A ~ oc. 
First let A vary in f~(1). Substi tuting (7) into (9), remembering that  w2 = - w l ,  

w4 = -w3 and applying the well-known Riemann-Lebesgue Lemma [el. 8, p. 117, 

Lemma 7], we get 

k 0 

Tvk(Yl) = E [ y~So)(X'/~)Uvks(x)dx 
s = 0  J - 1  

= L / _ o  (Aw,)Se:~~ 1 +O(1/A))Uvks(x)dx 
s ~ 0  1 

k 1 

' x " l  O ( 1 / a ) ) } d z  =- 1 vk8~-- )~, -k 
s~O 

k 0 

s = 0  1 

k 0 

= E('kw2)Se-)'~~ fo e~2(l+~)(1 + O(1/,k))Uvks(x)dx 
s = 0  1 

1 
~ 1 . .  ~s-k f e-,~w2xru i x = (Aw2)ke-X~~ Z--"t'~2) Jo "t .k~t -- 1)(1 + O(1/)~))}dx 
8 : 0  

(11) ---- )~ke-X~2 [0], 
k 1 

Tvk(Y3)---- E fo y(~ -- A)U~as(x)dx 
8----0 

(10) = Ak[0], 
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(12) 

Tvk(Y4) = 

k 1 
---- E( '~w3)se )~w3 L e -~Wa(1-x) (1  q- O(1/A))U~k, (X)dx  

8--0 
k 1 

= (Aw3)ke;~a E(Aw3)S-k fo e-;~"~ax{U~k*(1 - x)(1 + O(1/A))}dx 
.s=O 

Ake ~ [0], 
k 1 

f d* 
8=0 

k 1 

= E fo ()~w4)Sc~W4X(l -}- O(1/A))U~k~(x)dx 
s=O 

k 1 
~-- ('~Co4)k E ( ' ~ r  fo  e-)~w3X{Uvks(X)(1 Jr- O ( 1 / A ) ) } d x  

s=o 

(13) = 

Using these formulas we find the next asymptot ic  expressions for Lv(yj) in 
f~tol)," as A --+ ec: 

1 

gi(m) = ~ Al-k{c~ik(Awl)% -~~ [1] + 5ik(Awi)k[1] 
k=O 

1 nik 

p= l  

(14) =A[5io + w15i11, 
1 

Li(Y2) = E )~ l--k {o~ik( )~OJ2)k c--)~w2 [1] 
k=0 

1 nik 
+ 6ik(~w2)k[1] + E ~i~ l(Aw=)keaW2~ [1] + (Aw2)ke -aW2 [0]} 

p= l  
t 1 nik 

r 6 wkle~2 ~ - "  r~,k 1,.,klo,X,,,2 (,~ 1 + 1) ~. 

k=O p= l  

(15) =~e - ~  [Cqo + w2c~il], 
1 

Li(Y3) = E A l-k {'Yik(AW3)k[1] +/3ik(AW3)kea~ [1] 
k=0 

2 rtik 
k2 k A k2 + E 'hp  (Aw3) e ~'~'~ [11 + (Aw3)tce~~ 

p= l  
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1 n/Zk 
Aw3~ 2 k k2 (16) =A{[Ti0 -1- t"d3"~il] -~ eAW3 [~i0 ~- 023flil] "Jr E E e P [02e7]i p ]} 

k=0p=l  

and analogously 

1 nick 

(17) L~(y4) = A{[7,0 + ~7i,1 + e~[Z,0 + ~4Z~1] + ~ ~ ~ }  [~4~,~]} 
k=0p=l  

for i = 1 ,2 ,3 ,4 .  

All calculations for the sector f~(2) are carried out analogously. After further  

calculations we get the next  asymptot ic  expressions, 

r .~(~) = a~e~[o], T~(~4) = a~[0], 
(18) 

and 

(19) 
{ Li(yj )  -- A{[a,o + wjo~il]e -9'~ + [6io + alj(~il] 

711 kl __ ~-',1 ~ ik L.k-kll~Awj~ i- -t-2_.,,k=O2_.,p=lLWj'qiple ~ }, j = 1,2, 
L~(V3) = ,~e~[Z~o + ~3Z~1], 
Li(y4) ---- A[q'io + a,'4/~i1], 

in the sector ~(2) as A --+ oc. 

By subst i tut ing the asymptot ic  expressions (14)-(17) for L~(yj) into the de- 

te rminant  A(A), taking the common factors A of each column and the common 

factor e - x ~  of the second column outside the determinant ,  and taking into ac- 

count  w2 = - w l ,  w4 ---- -w3,  we may represent this determinant  in the asymptot ic  

form 

(20) n ( ~ )  ~ -  ~4e~~ ([A~l)]e m~~ + [A~l)]e m~W3 + . . .  + [A(11)Jem', >'w3), 

where - 1  = ml  < m2 < . . .  < m ~  = 1; A~ k) are some complex numbers. 

Furthermore,  it is easy to see tha t  

and 

A~I )=  5zo 
~3o 
540 

+w~51~ a~o + w 2 a l i  Vm +w33 'n  r +w4/311 
']- o.)1521 O~20 ~- 022Ot21 ~/20 Jr- 0J3~Y21 ~20 -]- tU4~21 
-]- (-d1531 O~30 -~- ~d20'31 ")/30 + (.'d3'ff31 f130 -]- t'd4f131 
~- 031(~41 (1{40 ~- 0220"41 740 -]- a/3"~41 f140 -~- 034fl41 

AO) = 
(~30 "}- 0-)1~31 0~30 -}- ~d20~31 ~3fl -~- ~d4/~31 ~30 "it- 093~31 
540 + W1641 a40 + W2a4~ /~40 + W4~4a "/40 + W3741 
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I t  can be shown similarly tha t  the characterist ic  de te rminan t  A(A) in the sector 

ft (2) has the a sympto t i c  representa t ion 

(21) A(A) = )~4e)~W3([A~2)]e nl)~w~ -4- [A~2)]e n ~  + . . .  + [A(2)le ~~ 

where - 1  = nl  < n~ < . . .  < n ~  = 1, 

(~1o -}- ~d2(~11 510 -~- 501511 
A~2) = o~20 + Cd20/21 (~20 Jr a21(~21 

0~30 -~- W20~31 (~30 4- 0~1(~31 
0~40 -~- W20~41 (~40 -}- a)1(~41 

and 

~30 Jr- 024/331 "~30 ~- ~d3~31 
~40 ~- W4/~41 ')'40 ~- td3~41 

510 ~- 021~11 O~10 Jr- W20~11 

(~20 ~- W1(~21 O~20 "4- 0-)20~21 
A(2~) = 530 + W1(~31 O~30 -}- W20~31 

540 ~- ~d1(~41 0~40 -]- a220~41 

A S Y M P T O T I C  BEHAVIOUR OF THE 4.3. the case 

~10 -~- W4~11 ~/10 ~- 0J3~11 

~20 ~- W4~21 ')'20 -~- W3~21 

~30 -~- ~4~31 ~30 -}- a23~/31 

/~40 -~- W4]~41 "f40 ~- 023")'41 

EIGENVALUES. N o w  for 

a r g a l  r a rga2  we can find the asympto t i c  formulas for the eigenvalues of the 

considered problem. 

THEOREM 1: Let the following conditions be satisfied: 

(1) a r g a l  ~ a rga2 ;  

(2) c(.) E L q ( - 1 , 1 ) ,  q > 1; 

(3) 

alO v'aT+(- 1)iau 

Oij = '~2~ 

Or40 X/r~--}-(-- 1) i a4 l 

r 

i = 1,2, j = 1,2; 

~20 ~/~--}-(-- 1)i+1521 
~30 ~ra~+ (-- 1) i+l 631 

~4o ~/~i-+(- 1)~+1 ~41 

~o v"~;+( -  1)J,su 
,62o v,'a2+ ( -  1)J ~21 
,83o v~S-+(- 1)-~ 5'3~ 

~,2 o Vrd'~+ ( -- 1) J + 1 ~,21 

~3o v r ~ + ( -  1)3+1-y31 

n = 1 , 2 , . . . .  

(22) 
(23) 
(24) 

(25) 

A (1) = v / ~ r ( 1  + O(1/n)), 

A (2) = - v f ~ T r ( 1  + O(1/n)), 

A (3) = v / ~ r ( 1  + O(1/n)), 

/~(n 4) ~- - v f ~ r ( 1  + O(1 /n ) ) ,  

(4) the linear functionals Tvk in the spaces W ~ ( - 1 ,  O)+W~(O, 1) are continuous. 
Then the boundary-value problem (1) (2), has in each sector Sv a precise 

number of eigenvalues whose asymptotic behaviour may be expressed by the 
following formulas: 
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Proof: The rays l} (for j = 1 , . . . ,  4) divide the complex A-plane into four sectors 

R I , . . . ,  R4. Let Rj be that sector which contains the ray lj. We shall distribute 

these sectors into two groups R (1) = {Rt, R2} and R (2) = {R3, R4}. Obviously, 

each sector of the group R (k) consists of two sectors of the groups ~(k). By R~ k) 

we denote that sector of the group R (k) which contains ft~ k) (k = 1, 2). 

As seen from the considerations in subsections 4.1 and 4.2, the asymptotic 

expressions (20) and (21) hold also in sectors R (~) and R~ 2), respectively. Let 

R~ 1) and R~ 2) be the other sectors of the groups R (1) and R (e), respectively. 

In a similar way to subsections 4.1 and 4.2, one can prove that the characteristic 

determinant A(A) has the asymptotic representations given by 

(26) A(A) = A4e -Awl  ([B~l)]e  slaw3 -~- [ g i l ) ] e  s2Aw3 @ . .  . + [~T(~)]e s~IAw3) 

and 

(27) A(A) = A4e-XW3([B[2)]e tl)~w~ + [B(2)]e t2~~ + . . .  + [B(2)le tr176 

in the sectors R~ 1) and R~ 2) , respectively, where 

- 1  = s l  < s2 < ".. 

0/10 ~- 0210/11 
B~ I) = 0~20 -~- 0210L21 

0/30 "~- 0210/31 
0/40 -t- 021(~41 

alo + 021all 
-~- 0210/21 

Br(:) : : : :+0210 /31  
0/40 -~- 0210/41 

~10 -~- 0210/11 
B(2) = OL20 + 0210/21 

I C~30 -[- WlC~31 
0/40 -~- 021C~41 

510 --}- 021511 
B(2) = 520 -+- 021521 

T2 530 Jr- 021531 

540 + 021541 

< s~ 1 = 1 , -1  = tl < t2 < "'" < tr2 = 1, 

510 + W2511 710 -~- 023711 ~10 -[- CO4~ll 
620 "~- 022521 720 q- W3721 f120 -~- 024fl21 
530 -~- 022(~31 730 -~ 023731 f130 -~- 024/~31 
540 + w2541 740 + w3741 ~4o + w4~41 

510 ~- 092511 ~10 -~- 023~11 710 -~- 024711 
520 + w2521 f120 + w3f121 72o + w4721 
530 + w2531 /~30 + w3~31 730 + w4731 
540 + 022541 ~40 + 023~41 740 ~- 024741 

510 +022511 710 + 023711 ~10 + 024~,1 
520 + 02252i 720 + 023721 ~20 + 024~21 
530 + 022531 73o + 02373~ ~ao + 024/~31 
540 -~- 022541 740 -~- 023741 ~40 -[- 024/~41 

alO -~- 022ali 710 -J- 023711 /~10 -}- 024]~11 
0/20 + 022a21 720 + 023721 /~20 + 024321 
a30 + w2a31 730 + w3731 ~30 + w4~31 
0/40 -~- 0220'41 740 -~- 023741 /~40 -~- 024~41 

According to condition (3) of Theorem 1, the principal terms of the first and 

last coefficients of the asymptotic quasi-polynomials (20), (21), (26) and (27), 
namely the numbers A~ 1), 4(1 )A~  2), 4 ( 2 ) B ~  1), R(1)B~ 2), n(2) ~-~2 , ~ 1  , are different *(9" 1 , U T 2  , 

from zero. 
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Since A(A) = AIJ)(A ) when A varies in sector R} j) and all quasi-polynomials 

A~ j) (A) have the same form, it is enough to investigate only one of them. Namely, 

we shall investigate the equation A(A) = 0 only in the sector R~ 1), i.e., the 
equation 

(28) [A~l)]e ml)'w3 §  § [A(11)]e m'l)~w3 = O. 

By virtue of [8, p. 100, Lemma 1], equation (28) has in sector R(01) an infinite 
number of roots An which are contained in a strip 

II~ 1) ~- {A �9 ell  Re Aw31 < hi2} 

of finite width h > 0 and have the asymptotic expression 

(29) IAn~.d31 = ]~n(1 + O(1/n))]. 

Taking into account that An �9 II~ 1) and An �9 R (1), from (29) we get the sought 
asymptotic formula, 

(30) An = v / ~ ( 1  + O(1/n)), n = • 1 7 7  

where there is only one possible choice for the sign of the integer n. 

By the same consideration as used for sector R O), it can be shown that the 

asymptotic behaviour of the eigenvalues contained in the sector R~ 1) also has the 

same form as (30), but the integer n has the opposite sign. The other formulas 

(22) and (23) can be obtained by the same procedure we used in proving formula 
(30). 

5. A s y m p t o t i c  behav iou r  of  e igenvalues  for t h e  case arg al = arg a2 

5.1.  SEPARATION OF THE COMPLEX A-PLANE INTO HALF-PLANES. In the case 

argal  = arga2 the linesll = {A �9 C] ReAwl = 0} andl2 = {A �9 C] ReAw3 = 0} 
coincide, so the line l = ll = 12 divides the complex A-plane into two half-planes. 

In each of these half-planes the real-valued functions Re(Awl) and Re(Aw3) do 

not change their signs and, moreover, have the same sign. These half-planes we 
denote as 

E I = { A � 9  I ReAwl_>0, ReAw3_>0} 

and 

E 2 = { A E C  I ReAwl_>0, ReAw3_>0}. 
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5.2. ASYMPTOTIC EXPRESSIONS FOR THE CHARACTERISTIC DETERMINANT 

A()~) IN THE HALF-PLANES ~-]~I AND ~'-~,2. First, we find a suitable asymptotic 
representation of Tvk(yn) when A --+ cx~ in the half-planes ~ and ~-]~2, where 

Yn = yn(x, A) are the same solutions as in section 4.2. 

By similar considerations used in the case argal ~t argaz, it can be shown 

that for Tik(yj) we have the asymptotic representations 

Tik(yl) = Ak[0], T~k(ye) = Ake - ~  [0], 
(31) 

when A 6 E l '  A --~ 00 and 

(32) I T~(yl) = A~e - ~ [ 0 ] ,  T~(y2) = A~[0], 

( Tik(Y3)  : Ak[0], T/k(Y4) = AkeXw4[0], 

when A 6 Y~2, A -+ oo. 

Using these expressions for Tik(yj) we obta in  the a sympto t i c  representat ions 

1 n~p 

k=0p=l  

i = 1 , . . . , 4 , j  = 1,2; 
2 1 nip 

+ + [Z o +  jz, ]e + 
k=0p=l  

i=1 , . . . , 4 , j=3 ,4 .  
These are valid in bo th  ~ l  and ~ 2 "  Subst i tu t ing these formulas into the char- 

acterist ic de te rminan t  A(A) = det(L~yj),  af ter  some simple rea r rangement  we 

obta in  the asympto t i c  representat ion 

(33) A(A) = A~([P1]e k~x(~'+'~) + [P2]e ~ ( ~ + ~ )  + ' - "  + [Pt]e~'~(~'+"~3)), 

where - 1  = kl < k2 < " -  < 

c~io + wi~ll 
/)1 = ~2o + bOlOS21 

cr3o -{- ~dlOt31 
Oz40 + 031C~41 

and 
cqo + w l a n  

+ 001 0121 

0/40 -t- a)lOL41 

kl = 1, 

51o + ~2511 71o + w ~ n  ~Io + ~4flll ! 
~20 ~- ~2~21 720 -~- ~M3721 ~20 3 u ~4J~21 
~30 + W2t~31 730 -~- ~3731 ~30 -{- fM4~31 
g40 ~- 092641 740 ~- W3741 ~40 ~- 034~41 

51o + w2911 /~io + w3~n 71o + w47n l 
~20 -[- L02(~21 /~20 -'~ 5d3/~21 ~20 -{" Ld4"/21 L ~30 ~- W2631 ~30 Jr- ~3~31 730 ~- ~d4731 " 
54o + ~254~ ~4o + w3~41 74o + ~4741 
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5.3 .  ASYMPTOTIC BEHAVIOUR OF THE EIGENVALUES. Now we can  prove the 

next theorem. 

THEOREM 2: Let the  following conditions be satisfied: 
(1) argal  = arga2; 
(2) c(.) e Lq(-1,1) ,  q > 1; 

(3) 012 r 0, 021 r 0 (012 and 821 a re  the same determinant as in Theorem 1); 
(4) the linear functionals Tik in the spaces W k ( -  1, 0) + W k (0, 1) are continuous 

(i = 1 , . . . , 4 ,  k - -  0,1). 

Then the boundary-value problem (1) (2) has in each half-plane E1 and Y]-2 
a precise number of eigenyalues whose asymptotic behaviour may be expressed 
by the following formulas: 

)~(n 1) -- vfa~vfa2 toni(l+ O(1/n)), n = 1 ,2 , . . . ,  

A (2) -- YrdTx/~ 7Fni(l+ O(1/n)), n = 1 ,2 , . . . .  

Proos According to condition (3) the principal terms of the first and last coef- 

ficients of the asymptotic quasi-polynomial (33), i.e., the numbers P1 and Pt, are 
different from zero. Again, by virtue of [8, p. 100, Lemma 1] the quasi-polynomial 

(33) in the half-planes ~-~1 and  E 2  has an infinite number of roo t s  {A(n 1)} and 
{A (2) }, respectively, which are contained in a strip 

1-[ : {,~ C C[ Re,,~(~d 1 -}-o23) < h / 2 }  

of finite width h > 0 and have the asymptotic representations 

(34) [~(nS)(021 + w3)[ = [~n(1 + O(1/n))l, s = 1,2. 

Taking into account that the eigenvalues A (1) and A! 2) belong to the strip II 

from (34), we get the sought asymptotic formulas: 

v / ~ +  x /~rnz ( l  + O(1/n)), n = •177  s = 1, 2, 

where there is only one possible choice for the sign of integer n, but opposite 

signs for the half-planes ~-]~1 and )-~2, which completes the proof. 
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