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ABSTRACT

In this study, we investigate the boundary-value problem with eigenvalue
parameter generated by the differential equation with discontinuous co-
efficients and boundary conditions which contains not only endpoints of
the considered interval, but also a point of discontinuity, a finite number
of internal points and abstract linear functionals. So our problem is not
a pure boundary-value one.

We single out a class of linear functionals and find simple algebraic con-
ditions on the coefficients which guarantee the existence of an infinite
number of eigenvalues. Also, the asymptotic formulas for the eigenvalues
are found.

The results obtained in this paper are new, even in the case of boundary
conditions either without internal points or without linear functionals.
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1. Introduction

The investigation of boundary-value problems for which the eigenvalue parameter
appears in both the equation and the boundary conditions originates from the
works of G. D. Birkhoff [1, 2]. Many papers and books deal with the spectral
properties of such problems (see, for example, [5, 8, 9, 10, 11, 12, 13] and the
corresponding bibliography).

In many monographs and papers, the theory of boundary-value problems for
ordinary differential equations is usually considered for equations with a con-
stant coefficient at the highest derivative and for boundary conditions which
contain only endpoints of the considered interval. However, this paper deals with
one nonstandard boundary-value problem for a second-order ordinary differen-
tial equation with discontinuous coeflicients and boundary conditions containing
not only endpoints of the considered interval, but also a point of discontinuity,
a finite number of internal points and abstract linear functionals. Moreover, the
eigenvalue parameter appears in both the differential equation and the boundary
conditions.

Some spectral properties of such problems and applications to the correspond-
ing initial-boundary-value problems for parabolic equations were investigated by
O. Sh. Mukhtarov [5] and by O. Sh. Mukhtarov and H. Demir [6].

Similar problems for differential equations with discontinuous coefficients, but
without the internal points and abstract linear functionals in the boundary con-
ditions, were investigated by M. L. Rasulov in monographs [8, 9].

One must note that in the series of S. and Y. Yakubov’s works published in re-
cent years, they have constructed an abstract theory of boundary-value problems
with a parameter in the boundary conditions (see [11, 12, 13] and corresponding
bibliography). In these works, in particular, the main spectral properties of the
more general problems, but with continuous coeflicients, are investigated.

2. Statement of the problem
Let us consider a differential equation

(1) a()y” + c(z)y = Ny, z€[~1,0)U(0,1]

with the functional-manypoint boundary conditions

1
Li(y) =Y A (@ay™ (=1) + 8y™ (=0) + 7xy™ (+0) + By ™ (1)
k=0
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8
2 Mgy

(2) + 3N nksy® ek + Tyy) =0, i=1,2,3,4,

s=1p=1

where a(z) and c(z) are complex-valued functions; a(z) = a1 at z € [—1,0),
a(z) = az at € (0,1], and agk, ik, Vik, Bix, Nie are complex coefficients; Kle
(—1,0) and £fp2 € (0,1) are internal points; T are abstract linear functionals;
y*)(£0) denotes limg_,+0 y* (x).

Below, WF(—1,0) + WF(0,1), ¢ € (1,00), k = 0,1,2,.. ., denotes the Banach
space of complex-valued functions y = y(z) defined on [—1,0) U (0,1], which
belongs to Wk(—1,0) and Wk(0,1) on intervals (—1,0) and (0,1), respectively,
with norm {ly|ly & = {Hy“‘f’vg(_1’0)+Hy”€v‘;(0’1))1/‘1, where WF(—1,0) and WF(0,1)
are the usual Sobelev spaces.

Note that, without loss of generality, we consider equation (1) instead of the
more general equation

a(®)y” + b(z)y + c(z)y = Ny,
since, by using the substitution y = §e?®), where
—5 [T b()y(t) at z € [-1,0),

—ﬁ fy b(t)y(t) at z € (0,1],

¢(z) =

we find that this equation takes the form (1) with the same eigenvalue parameter
A. Also, it is easy to verify that under this substitution the form of boundary
conditions (2) is not changed. Besides, for simplicity we replace the general
domain [a,c) U (¢, b], a < ¢ < b, by [-1,0) U (0,1], since we can return to the
general case by making the substitution

c+(c—a)t atte[-1,0),
c+(b—c)t atte(0,1).

Some special cases of problem (1)-(2) arise in various physical transfer prob-
lems, in particular, in heat and mass transfer problems [3].

3. Eigenvalues of the problem

As usual, those values of parameter A for which the considered boundary-value
problem (1)—(2) has a nontrivial solution are called the eigenvalues of the problem

(1~2).
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Let yi0(z, A), ya0(x, A) and yzo(z, A), ya0(x, A) denote some fundamental sys-
tems of solutions of the differential equation (1) on [—1,0) and (0, 1], respectively.
By defining

) ey = { ol €

where I} = I = [-1,0) and I3 = I = (0, 1], the general solution of equation (1)
can be represented in the form

(4) y(z,A) = Z ¢y (T, A).

Substituting (4) into boundary conditions (2) yields a system of linear homo-
geneous equations

4
(5) D eiLy(y;) =0, v=1,2,3,4
=1
for the determination of the constants ¢;,7 = 1,...,4. Consequently, the eigen-

values of the problem (1)—(2) consist of the zeros of the characteristic determinant

(6) A()‘) e det(Lvyj)v,j=1,...,4-

First, for the considered problem, we shall divide the complex A-plane into
specific sectors in which, in turn, we shall find the asymptotic expressions for
solutions of the differential equation, for boundary functionals and boundary-
value forms. Then, by substituting these obtained asymptotic expressions into
the equation A(A) = 0 we shall find the corresponding asymptotic formulas for
the eigenvalues. Note that such formulas are not only of interest in themselves,
but they may also be used to establish the complete and basic properties of the
system of eigenfunctions and associated functions of the considered problem.

The cases arga; # argas and arga; = argay are examined separately.

4. Asymptotic behaviour of eigenvalues for the case arga; # argas

4.1. SEPARATION OF THE COMPLEX A-PLANE INTO SPECIFIC SECTORS.

Throughout the paper we employ the notation w1 = (y/a1)™?}, w2 = —(y/a1)™?,
wy = (az)™Y wy = —(\/az)~!, where /z := |2]e?®8D/2 —r < argz < .
Divide the complex A-plane into four sectors S,,v = 1,...,4, by the rays [}, =
{X € C] Redwy, = 0,(—1)*ImAwg < 0}. On all of these sectors each of the
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real-valued functions Re Awy, is of a single sign, since these functions can vanish
only on boundaries of the sectors S,. Let us consider one of the sectors (S,)
with fixed index v. Using the same considerations as in [7] it is easy to verify
that for equation (1) there exists a fundamental system of particular solutions
y10(x:, A), y20(z, A) on [—1,0) and yso(x, A), yao(x, A) on (0, 1], respectively, which
are regular analytic functions of A € S, for sufficiently large [A|, and which with
their derivatives can be expressed in the asymptotic form

(7 yko = (L +O(1/X)),
7
Yeo = Awges2(1 4+ O(1/X)).

Here, as usual, the expression O(1/)) denotes any function of the form f(z, A)/A,
where |f(z, A}| always remains less than a constant for z € I and sufficiently
large |A].

Now let I (j = 1,...,4) be arbitrary rays, originating from the point A = 0
and differing from [;, and situated so as to form the sequence

(8) llylllal& ,37l27 /25l4,l:1'

The rays l; divide each sector S,, into two subsectors. Thus we have eight sectors
which we shall denote as Q;, j =1,...,8.

As seen from the construction, the sectors © = {Qy,Qa,...,s} can be dis-
tributed into two groups, @1 = {Q ... 0"} and Q@ = {o@ . @},
such that the group Q) includes those sectors €; in which Re A(y/ax)~! — oo
as A — oo.

4.2. ASYMPTOTIC EXPRESSIONS FOR THE CHARACTERISTIC DETERMINANT
A(X) IN THE §) SECTORS FOR LARGE VALUES OF |A|. Each of the real-valued
functions Re Awy does not change its sign also in every sector €2}, since each of
them is a subsector of some sector S,,.

Let yx = yx(z,A), K = 1,...,4, be functions defined as (3) for the solutions
yko(z, A) of equation (1) in I, for which the asymptotic expressions (7) are
satisfied.

First we need to estimate asymptotically the expressions Tyxyn (-, A) as A = 00
in the sectors {2;. Since the linear functionals T, acts from WF(-1,0)+W£k(0,1)
into the complex plane C continuously, in virtue of the general representation of
the continuous linear functionals in the L,(a,b) spaces and using well-known
methods of real analysis, it may be shown that there exists a function U,y €
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Wf(—l, 0) + W;“ (0,1) such that the equalities

©  Tum=3 ([ v @Umatoie + [ 10 @0meis),
= v=1,....4, k=01,

hold for every y € WF(—1,0) + W¥(0,1), where 1/p+1/¢ =1 [4].

In only one of the sectors of the group Q) do the relations Re Awsz > 0 and
Redw; — +0o as A — oo hold, and in only one of the sectors of the group
Q3 do the relations Re Adw; > 0 and Re Aws — +00 as A — oo hold. We shall
denote these sectors as Q(()l) and Q(()Z) , respectively. We shall calculate asymptotic
approximation expressions for T,xy; only for these sectors of the groups QM
and Q) since calculations for others sectors can be made analogously. For
convenience below, by [M], M € C, we denote any sum of the form M + f(}),
when f(A) — 0 as A — oo.

First let A vary in Qél). Substituting (7) into (9), remembering that wy = —wy,
w4 = —w3 and applying the well-known Riemann-Lebesgue Lemma [cf. 8, p. 117,
Lemma 7], we get

Tor(w1) Z/ o8 (2, WUk (2)dz
= Z/_l()\wl)sexwlw(l + O(1/X)Upgs(z)dz

k 1
= O () /0 e (=) (1 + O(1/)) }dz

(10) = A*[o],

k 0
Tsle) =3 / 5 . U)o
k
=2 e / X549 (14 O(1/N) U2
e 3 ) /0 X Uz~ (14 O(1/A)}dz
(11) = Xkez[g], -

Ty y3 Z/ y:(s?)) .’L‘ - uks( )d:L‘
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k
=3 e [0 00N o)
=0

k

= (wn)fers 3 (wg)™* [ e 9 Uy (1 — 2)(1 + O(1/N)) o
0

s=0

(12) = Meers[q],

k 1
Tvk (Z/4) = Z/O ygz) (.’L‘, /\)kas(:ﬂ)dm
s;0 .
= Z/O ()\w4)se>\ww(1 + O(1/A))Uyks(z)dz

k 1
= (dwy)* Z()\w4)s_k/ e MU ks (2) (1 4+ O(1/X)) Yz
5=0 0
(13) = X¥[0].
Using these formulas we find the next asymptotic expressions for L,(y;) in

Q(()l), as A — oo:

1

Li(y) = Z M (Awr) e [1] + b3 (Awr) *[1]
k=0

+Zn’“ (Awn) P88 1] + (o) ¥[0]}

(14) —-)\[510 —+—w15,1],
1

Li(y2) = > A o (dwp)*e™ 2 [1]

k=0

+ Oie (Aws)® +an1 Aws) P28 (1] + (Awa)*e= A2 [0]}

xS o] + (] *““’+Z b wleres Ea )

(15) :/\6_'\"')2 [aio + UJQQ’H],
1

Li(ys) = A F{yin(hws)*[1] + Bik (Aws) Fer 1]
k=0

+ Zn (Aws)* erwsEly [1] + (Mws)*er2[0]}
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1 nd
(16) =M{[o + wyia] + 5 [Big + wafia] + Y 3 A [whnk2]}
k=0p=1
and analogously
1 7
(17)  Li(ya) = M[vio + wavir] + % [Bio + wafBin] + Z Z Mty wani? ]}
k=0p=1
fori=1,2,3,4.

All calculations for the sector ng) are carried out analogously. After further

calculations we get the next asymptotic expressions,

Tvk(yl) = )\km], Tvk(yw) = NrgAwz {0}’

Tok(ye) = Aeeres (0],

(18)
Tk (ya) = A¥[0],
and
(19)

Li(y;) = Maio + wjoinle™ s + [0 + w;dii]

nl w £kt .
+ Z}lc=0 Zpizkl [w;‘:n’f’z}]ex ngp }9 J= 1) 27
L;(y3) = Ae*2{Bip + w3fBit],
Li(ya) = Alvio + wadiil,

in the sector Q(()z) as A — oo.

By substituting the asymptotic expressions (14)—(17) for L;(y;) into the de-
terminant A()), taking the common factors A of each column and the common
factor e=**z of the second column outside the determinant, and taking into ac-

count wy = —Wwi, w4 = —ws, We may represent this determinant in the asymptotic
form
(200 AQ) =M (AP 4 (A ems 4 g [ADJem M),

where —1=m; < mg < -+ < Mg, = 1; A;-k) are some complex numbers.

Furthermore, it is easy to see that

S0+ widin  ang +weoir Yo+ wsyir Bro +wefuy

AWM = 020 + w1021  Qap +waxnn Yoo + w3y Boo + waBa

! 030 + wid31 Q30+ weas Y30 Fwsysr Bao + waba

840 + w1da1 Q4o + werar Va0 +w3Yar  SBao + waBu

and

S10 + w111 aig+waarr Pro+waPii Y0 + Wz

AWM — d20 +widar Qg0+ w1 Pro +wafar Y20 + WiV

ot 830 + w1631 age +woaar  Pao +waPar V3o +wava

Oap + w1041 o+ weasy  Bao +wafn a0 + wavar
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It can be shown similarly that the characteristic determinant A(X) in the sector
Q(()z) has the asymptotic representation

(21) AN

where -1 =ny <np < ---

ayp + waagy
Qg + watrgy
Q30 + waigy
Q40 + Watigy

2
AP =

and

010 + widi1
020 + w1021
830 + w131
040 + widag

A2 —
o2

4.3.

< Mgy, =1,

b1 + widnr
d20 + w121
030 + w1d3;
040 + w1d4y

o190 + watryy
Q20 + Walrzy
agg + wal31
Q40 + Walqy

_ )\46’\“’3([A§2)]6"1>‘w1 + [Agz)]e"”\““ I

Bio + webry
Bao + wafa1
B30 + wafiz1
Bao + waba1

Bio + wafr1
B2o + wafl21
Bag + wabs1
Bao + wafPa1

ASYMPTOTIC BEHAVIOUR OF THE EIGENVALUES.

+ [4Gene )

Yio + wW3Y11
Y20 + wW3y21
Y30 + W3Y31
Y40 + w3Ya1

Y10 + w311
Y20 + w321
Y30 + wW3Ya1 |
Y40 + W3V41

Now for the case

argay # argag we can find the asymptotic formulas for the eigenvalues of the

considered problem.

THEOREM 1: Let the following conditions be satisfied:

(1) arga; # argas;

(2) c() € Ly(—1,1), ¢ > 1;
3)
arovar+(~1) an
.. — azo/a1+H(—1) az
Y | asoyarH(=1) am
adovar+(—1) as
#0,
1= 1727 .7 = 1721

d10v/a1+(—-1)""1on
Saov/ar+(—1)" 18,
d30/@1+(~1)" 85,
daov/ar+(—1)1 184

Brova@z+(—1) B11
Ba20/az+(—1) B2
Bsov/az+(—1) Ba1
Baov/az+(~1)? Bt

Y1ov@z+H(—1) v
Y20/@2+(—1)7F1yay
Y30 /@24 (—1) T Lyay
ra0 vz H—1)" T ya

(4) the linear functionals T, in the spaces WF(—1,0)+WE(0, 1) are continuous.
Then the boundary-value problem (1)—(2), has in each sector S, a precise

number of eigenvalues whose asymptotic behaviour may be expressed by the

following formulas:

(22) AV = Vair(1+0(1/n)),

(23) AP = —Varm(1+0(1/n)),

(24) A3 = Jaan(1+0(1/n)),

(25) A = —Japr(1+0(1/n), n=1,2,
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Proof: The rays l; (for y =1,...,4) divide the complex A-plane into four sectors
Ry, ..., R4. Let R; be that sector which contains the ray I;. We shall distribute
these sectors into two groups R(Y) = {R;, Ry} and R® = {R3, R4}. Obviously,
each sector of the group R*) consists of two sectors of the groups Q(*). By R((,k)

O. Sh. MUKHTAROQOV ET AL.
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we denote that sector of the group R®*) which contains Q(()k)(k =1,2).

As seen from the considerations in subsections 4.1 and 4.2, the asymptotic
expressions (20) and (21) hold also in sectors R(()l) and R(()2), respectively. Let
Rgl) and R&"’) be the other sectors of the groups R and R®, respectively.

In a similar way to subsections 4.1 and 4.2, one can prove that the characteristic

determinant A()) has the asymptotic representations given by

(26)
and

(27)

in the sectors Rgl) and Rf” , Tespectively, where

—1=81 <8< <8, =1,-1=t; <2<

BV =

B =

B® =

2
B® =

According to condition (3} of Theorem 1, the principal terms of the first and
last coefficients of the asymptotic quasi-polynomials (20), (21), (26) and (27),
Bgz), Bg), are different

ayp +wiagg
Q20 + w1021
Q30 + w131
g0 + Wiy
Q10 + w0
020 T w1021
a3p + wiasy
40 + Wi
a1 +wion
g + wigy
30 + w13y
a4 + wiaq
010 + w161

020 + w1621

d30 + w1d31

040 + w1d4y

d10 + wady
020 + wada2y
030 + wadsy
040 + wadyqy
010 + wad1y
020 + wada1
030 + wad3;
040 + w2bay
d10 + wad1y
d20 + w2l
030 + wadsz;
040 + wadyy
Q10 + wayy
Q0 + w2y
Q30 + Walgy
Oy0 + Walgy

Y10 + wWav11
Y20 + wW3y21
Y30 + w3731
Va0 + W3Ya1
B1o + waPi1
Bao + wafa1
B30 + w3afs1
Bao + w3Ba;
Y10 + W31
Y20 + waY21
Y30 + w331
Y40 + Wava1
Y10 + w311
Y20 + wW3Y21
Y30 + wWaY31
Va0 + Wava1

namely the numbers Agl), Af,ll), A§2), Ag), BP, Bg),

from zero.

A()\) = MeAwn ([B§1)]eS1)\w3 + [Bél)]esﬂ\w:; 4t [Bg)]esn)\wg)

A(/\) — )\46_'\w3([3£2)]6t1/\w1 + [B£2)]et2>\uh 4+t [Biz)]et-,—i,/\wl)

...<tT2:1,

Bro + wafr1
Bao + w21
Bao + waPa1
Bao + wafu1
Y10 + w411
Y20 + waye1
Y30 + WaYs1
Y40 + WaY41
B1o + wafu1
Bao + waba
Bao + waBs1
B0 + wafa1
Bro + waPr1
Ba20 + waf
B30 + waflz1 |
Bao + wafPs1
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Since A(X) = Az(-j )()\) when A varies in sector jo ) and all quasi-polynomials
Az(] ) (A) have the same form, it is enough to investigate only one of them. Namely,
we shall investigate the equation A(A) = 0 only in the sector R(()l), i.e., the

equation
(28) [A(ll)]em1>\w3 4+t [At(jll)]eWUIAW3 —0.

By virtue of [8, p. 100, Lemma 1], equation (28) has in sector R(()l) an infinite
number of roots A, which are contained in a strip

(Y = {A € C| Re Aws| < h/2}
of finite width h > 0 and have the asymptotic expression
(29) [Anws| = [rn(1+ O(1/n))l.

Taking into account that A, € H(()l) and A, € R(()l), from (29) we get the sought
asymptotic formula,

(30) A = Vazn(L+0(1/n)), n=+1,42,...,

where there is only one possible choice for the sign of the integer n.

By the same consideration as used for sector R(()l), it can be shown that the
asymptotic behaviour of the eigenvalues contained in the sector Rgl) also has the
same form as (30), but the integer n has the opposite sign. The other formulas

(22) and (23) can be obtained by the same procedure we used in proving formula
(30).

5. Asymptotic behaviour of eigenvalues for the case arga; = arga,

5.1. SEPARATION OF THE COMPLEX A-PLANE INTO HALF-PLANES. In the case
arga; = argag the lines /; = {A € C| Re Aw; = 0} and I» = {) € C| Re \w; = 0}
coincide, so the line [ = [y = I3 divides the complex A-plane into two half-planes.
In each of these half-planes the real-valued functions Re(Aw;) and Re(Aws) do
not change their signs and, moreover, have the same sign. These half-planes we
denote as

Zl = {X € C| Re \w; > 0,Re\w3 > 0}

and
22 = {) € C| ReAw;, > 0,ReAws > 0}.



154 O. Sh. MUKHTAROV ET AL. Isr. J. Math.

5.2. ASYMPTOTIC EXPRESSIONS FOR THE CHARACTERISTIC DETERMINANT
A(X) IN THE HALF-PLANES ) ; AND Y ,.

representation of Tyx(yn) when A — oo in the half-planes )", and }_,, where
n = Yn(z, A) are the same solutions as in section 4.2.

First, we find a suitable asymptotic

By similar considerations used in the case arga; # argas, it can be shown
that for Tjx(y;) we have the asymptotic representations

= A¥[0], Tik(y2) = e 22 (0],

Tix(ya)

Tik(yl)
(31)

Tin(ys) = Aeer:[0], = M*[o],

when A € )7, A — 00 and
Tix(y1) = Nee™ 1 [0),

AHo],

Tir(y2) = A¥[0),

Tt (ya) = Xre*1[0],

(32)
Tir(ys) =
when A € )",, A = .
Using these expressions for T;;(y;) we obtain the asymptotic representations

i ekl
Li(ys) =Mevio + wjornle ™ + [bio + wjbin] + ZZ (nipwileXest),
k=0p=1
i=1,...,4,7=1,2
1 i,
X w. k2
Li(ys) =MDy + wyvia] + [Bio + wifale™ + 37 3l e,
k=0p=1
i=1,...,4,j=3,4.

These are valid in both >, and },. Substituting these formulas into the char-
acteristic determinant A(A) = det(L;y;), after some simple rearrangement we
obtain the asymptotic representation

(33) A()\) - )\4([P1]ek1)\(w1+ws) + [PZ]ekz)\(w1+w3) +oeen

where —1=k; < ky < ---

+ [H]Ck')‘(wl+w3)),

<kl:1,

a1p + Wiy
Q0 + Wit
Q30 + w1031
Qg0 + wi0a;

P =

and
19 + Wi

Qgg + Wi21
Q3o + w13
Qgp + W14

P =

310 + wady1
d20 + w2021
d30 + wzdz
040 + wadar

010 + wadyy
20 + wady
030 + wad3y
d4p + wabay

Y10 + W3y
Y20 + w321
Ya0 + w3ys1
Va0 + W3Y41

B1o + wsbi1
Bao + waf21
B30 + w3B31
Bao + waPar

Bio + wePry
Bzo + wafo1
Bap + waflz1
Bso + wabar

Y10 + wWav1
Y20 + WiY21
Y30 + wayar |
Yao + wWaYa
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5.3. ASYMPTOTIC BEHAVIOUR OF THE EIGENVALUES. Now we can prove the
next theorem.

THEOREM 2: Let the following conditions be satisfied:

(1) argay, = argas;

(2) o) € Lo(~1,1), ¢ > 1;
(3) 612 #0, 021 # 0 (P12 and 631 are the same determinant as in Theorem 1);
(4) the linear functionals Ty, in the spaces W¥(—1,0)+Wk(0,1) are continuous

(i=1,...,4, k=0,1).

Then the boundary—value problem (1)—(2) has in each half-plane Y, and Y,
a precise number of eigenvalues whose asymptotic behaviour may be expressed
by the following formulas:

AW = %””“1 +0/n), n=12,.

2D = %m(l +0(/n), n=12,....

Proof: According to condition (3) the principal terms of the first and last coef-

M

ficients of the asymptotic quasi-polynomial (33), i.e., the numbers P, and P, are
different from zero. Again, by virtue of [8, p. 100, Lemma 1] the quasi-polynomial
(33) in the half-planes )_; and ), has an infinite number of roots {/\511)} and
{/\%2)}, respectively, which are contained in a strip

II={XeC|] ReAw;i +w3) < h/2}
of finite width A > 0 and have the asymptotic representations
(34) A (wn + wg)] = [en(L+ O /)], s =1,2.

Taking into account that the eigenvalues )\511) and )\g) belong to the strip II
from (34), we get the sought asymptotic formulas:

AL = \/‘L_C_wm‘(l +0(1/n), n=+1,42,..., s=1,2,

where there is only one possible choice for the sign of integer n, but opposite
signs for the half-planes ), and }_,, which completes the proof.
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